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Abstract
The commensurability index between two subgroups A,B of a group G is [A : A∩B][B : A∩B].
This gives a notion of distance amongst finite-index subgroups of G, which is encoded in the p-
local commensurability graphs of G. We show that for any metabelian group, any component of
the p-local commensurabilty graph of G has diameter bounded above by 4. However, no universal
upper bound on diameters of components exists for the class of finite solvable groups. In the
appendix we give a complete classification of components for upper triangular matrix groups in
GL(2,Fq).
Let G be a group and p a prime number. The p-local commensurability graph of G has all finite-
index subgroups of G as vertices, and edges are drawn between A and B if [A : A∩B][B : A∩B] is
a power of p. This graph was first introduced by K.B. and D. Studenmund in [BRSc] where they
proved results regarding the diameters of components. The connected diameter of a graph is the
supremum over all graph diameters of every component of the graph. In [BRSc], it was shown that
every p-local commensurability graph of any nilpotent group has connected diameter less than or
equal to one. In contrast, they also showed that every nonabelian free group has connected diameter
equal to infinity for all of their p-local commensurability graphs. Here we show that solvable groups,
in a sense, fill in the space between free groups and nilpotent groups.
Our first result shows that metabelian groups, like nilpotent groups, have a uniform bound on
the connected diameters of their p-local commensurability graphs. This behavior is peculiar since
many group invariants (e.g., subgroup growth [LS03], word growth [Alp00], residual girth growth
[BRC, BRSb]) do not distinguish metabelian groups in the class of non-nilpotent solvable groups.
Theorem 1. The connected diameter of the p-local commensurability graph of any metabelian
group is at most 4.
Theorem 1 follows quickly from the following more technical result. Theorem 2, for instance,
demonstrates that there exists many solvable groups that are not metabelian yet have uniform bounds
on the connected diameters of their p-local commensurability graphs (e.g., the group of upper trian-
gular matrices in GL(n,Fq), for n > 1 and q a prime). The proofs of Theorems 1 and 2 appear in
§1.
Theorem 2. Let G be a finite group. If a p-Sylow subgroup of [G,G] is normal in G, then the
connected diameter of the p-local commensurability graph of G is at most 4.
Our next major result shows that the above theorems cannot be extended to arbitrary solvable
groups. We prove this in §2.
Theorem 3. For any D > 0, there exists a finite solvable group whose 3-local commensurability
graph has connected diameter greater than D.
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It would be interesting to determine whether this result extends to other primes. As a corollary
of Theorem 3, we arrive at a new proof of [BRSc, Theorem 2] for the case p = 3. We note that in
[BRSc] alternating groups are used in a significant way, while here we use solvable groups (which
escapes the use of the classification of finite simple groups). The proof of the corollary also appears
in §2.
Corollary 4. Let F be a nonabelian free group. The 3-local commensurability graph of F has
infinite connected diameter.
In the appendix, we give an explicit description of the p-local commensurability graphs for the
group of upper triangular matrices in GL2(Fq), as p and q varies over all primes.
We end the introduction with a brief history account. While the article, [BRSc], began the
study of local commensurability graphs with the goal of drawing fundamental group properties from
residual invariants (a direction of much activity: [KT], [BRK12], [BRM11], [GK], [BRHP], [BRSa],
[KM11], [Riv12], [Pat13], [LS03]), the study of graphs given by relations between subgroups goes
back to work of B. Csa´ka´ny and G. Polla´k in the 1960’s [CP69]. The p-local commensurability
graphs are weighted pieces of what are called the intersection graphs of a group (see, for instance,
[AHM15]). This graph has vertices consisting of proper subgroups where an edge is drawn between
two groups if their intersection is non-trivial. The weights we add to these graphs significantly
change the theory, and gives connections to A. Lubotzky and D. Segal’s subgroup growth function
(which, for every n, gives the number of subgroups of index n). Indeed, one can think of the theory
of commensurability graphs as an interface between the theories of intersection graphs and subgroup
growths.
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Notation
Let G be a group and p be a prime number. We denote the p-local commensurability graph of G by
Γp(G). If H and M are two vertices in the same component of Γp(G), then we say H is p-connected
to M. If H and M are adjacent in Γp(G), then we say H and M are p-adjacent. A path connecting
H and M is called a p-path and is denoted by H−V1−·· ·−Vm−M, where the length of this path is
defined to be m+2 and H,V1, . . . ,Vm,M are the vertices along the path.
1 Metabelian groups: the proofs of Theorems 1 and 2
We need some technical results for our proofs. In the following, we assume that G is a finite group
with derived series G = G1BG2B . . . given by Gi = [Gi−1,Gi−1] for i = 2,3, . . ..
Lemma 5. Let Q be a normal p-subgroup of G. Let V be a vertex of Γp(G), then V is p-adjacent to
the group V Q.
Proof. We need to show that [V : V ∩V Q] and [V Q : V ∩V Q] are both powers of p. Clearly, we have
V ⊂V Q, then [V : V ∩V Q] = [V : V ] = 1 = p0.
Now, recalling a basic fact from algebra,
|V Q|= |V ||Q||V ∩Q| ,
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gives
[V Q : V ∩V Q] = [V Q : V ] = |V Q||V | =
|V ||Q|
|V∩Q|
|V | =
|Q|
|V ∩Q| .
Since Q is a p-group, [V Q : V ∩V Q] is a power of p. It follows that V is p-adjacent to V Q, as
desired.
Lemma 6. Let Q be a normal p-subgroup of G. Suppose A,B<G and A and B are p-adjacent, then
AQ and BQ are p-adjacent.
Proof. We need to show that |AQ||AQ∩BQ| and
|BQ|
|AQ∩BQ| are both powers of p. To this end, we compute
|AQ|
|A∩B| =
|A||Q|
|A∩B||A∩Q| .
Since Q is a p-group, then [Q : A∩Q] = |Q||A∩Q| is power of p. Hence, |AQ||A∩B| is a power of p. Also,
A∩B < AQ∩BQ < AQ. Then
[AQ : A∩B] = [AQ : AQ∩BQ][AQ∩BQ : A∩B]
is power of p. Therefore, [AQ : AQ∩BQ] is a power of p. By symmetry, [BQ : AQ∩BQ] is also a
power of p.
Lemma 7. Let V and W be subgroups of G. If V is p-adjacent to W and N /G. Then V ∩N is
p-adjacent to W ∩N.
Proof. Let pi : G→ G/N, then by [BRSc, Lemma 5], with H =V , K =V ∩W , and N =V ∩N, we
get
[V : V ∩W ] = [pi(V ) : pi(V ∩W )][V ∩N : V ∩W ∩N]
Since V is p-adjacent to W , then [V : V ∩W ] is a power of p. Hence, [V ∩N : V ∩W ∩N] is a power
of p. Similarly, [W ∩N : W ∩V ∩N] is a power of p.
The previous lemma gives us a rigidity result:
Lemma 8. Let i be a natural number. Let Q be a p-subgroup of G that is normal in G (then V Q
and WQ are groups) where Q∩Gi is the p-Sylow subgroup of Gi. If V Q is p-connected to WQ, then
V Q∩Gi =WQ∩Gi.
Proof. Since Q∩Gi is the p-Sylow subgroup of Gi, we have that p does not divide |Gi/(Gi ∩Q)|.
Thus, every connected component of Γp(Gi/(Gi∩Q)) is a singleton (see Proposition 13). In partic-
ular, if V Q∩Gi is p-connected to WQ∩Gi, then because both these groups contain Q∩Gi, we have
V Q∩Gi =WQ∩Gi. To finish, note that Gi /G and V Q is p-connected to WQ. Thus, V Q∩Gi is
p-connected to WQ∩Gi by Lemma 7, which completes the proof.
Proof of Theorem 2. Let G be a finite group and p a prime number. Let Q be the p-Sylow subgroup
of G2 = [G,G] (it is unique by assumption since all p-Sylow subgroups are conjugate). Let V and
W be finite-index subgroups of G that are p-connected by a path in Γp(G) such that V = V1−V2−
·· ·−Vm =W . Now, by Lemma 5 and Lemma 6 we obtain a new path in Γp(G),
V1−V1Q−V2Q−·· ·−VmQ−Vm.
Define
A := 〈V1Q,V2Q, . . . ,VmQ〉 and B := A/(V1Q∩G2).
Let pi : A→ B be the projection from A to B. By Lemma 8, kerpi = ViQ∩G2 for all i = 1, . . . ,m.
Thus, kerpi contains [ViQ,ViQ].
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Next, we claim that pi(ViQ) is abelian for all i = 1, . . . ,m. Indeed, if we restrict pi to ViQ, we
obtain a surjective homomorphism f : ViQ→ pi(ViQ), with
f ([ViQ,ViQ]) = [pi(ViQ),pi(ViQ)].
By the previous paragraph, we have [ViQ,ViQ] is in the kernel of pi , and so pi(ViQ) is abelian as
claimed.
Let V
′
i := pi(ViQ), then, as shown above, V
′
i are abelian for all i = 1 . . . ,m. Let Π be the set of all
primes in the prime factorization of |V ′1| that are not p. Let H be a Hall Π subgroup of V
′
1. The group
V
′
1 is abelian, so H and V
′
1 ∩V
′
2 are normal in V
′
1. Thus, by [BRSc, Lemma 6], [V
′
1 : V
′
1 ∩V
′
2 ∩H] is a
power of p. Since |H| is coprime with p and
[V ′1 : V
′
1∩V ′2∩H] = [V ′1 : H][H : V ′1∩V ′2∩H],
it follows that V ′1 ∩V ′2 contains H, which means V ′2 contains H as a Hall Π subgroup. Repeating this
process, we get H is a Hall Π-subgroup for V ′i , for all i = 1, . . . ,m. Thus, H is of index a power of p
inside all V ′i . In particular, we conclude that pi−1(H) is p-adjacent to both V1Q and VmQ. So we get
a path V1−V1Q−pi−1(H)−VmQ−Vm of length 4, as desired.
We are now ready to prove Theorem 1.
Proof of Theorem 1. Let G be a metabelian group and p a prime number. For any two vertices V,W
in a component of Γp(G), let N be the normal core of V ∩W . Let pi : G→G/N be the quotient map.
Note that G/N is a finite group.
The p-Sylow subgroup Q of the abelian group, [G/N,G/N], is unique. Hence, since [G/N,G/N]
is normal in G/N, it follows that Q is normal in G/N. Then Theorem 2 applies to show that pi(V ) is
p-connected to pi(W ) via a path of length at most 4 in Γp(G/N).
[BRSc, Lemma 8, Part 1] now applies to show that V is connected to W in Γp(G) via a path of
length at most 4. We are done since V and W were arbitrary vertices in Γp(G), and so the connected
diameter of Γp(G) is at most 4.
2 Solvable groups: the proof of Theorem 3
We introduce a slightly modified graph, which we call the p-containment graph of a group G. This
graph has vertices the finite-index subgroups of G, and an edge is drawn between two vertices if
one is a p-power index subgroup of the other. We set cdp(G) to be the connected diameter of the
p-containment graph of G.
Lemma 9. cd3(Sym4) = 4. Moreover, any path in the 3-containment graph connecting 〈(1,2)〉 to
〈(3,4)〉 must have two consecutive vertices ∆1 and ∆2 such that (i, j) ∈ ∆1∩∆2 where i ∈ {1,2} and
j ∈ {3,4}.
Proof. We discovered this through [GAP15] computations. Please see Figure 2, the component
containing 〈(1,2)〉 is in the upper left corner. The geodesics connecting 〈(1,2)〉 to 〈(3,4)〉 are of the
form
〈(1,2)〉 ,〈(1,2),(1,2,k)〉 ,〈(i,k)〉 ,〈(i,k),(i, j,k)〉 ,〈(3,4)〉 ,
where i ∈ {1,2} and j,k ∈ {3,4}. Removing back-tracking from any path connecting 〈(1,2)〉 to
〈(3,4)〉 reduces to one of the above geodesics. The lemma follows immediately.
We remark that the corresponding statement in Lemma 10, below, for connected diameters of
p-local commensurability graphs is not true. This is why we use p-containment graphs.
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Figure 1: The 3-containment graph for Sym4. The component containing 〈(1,2)〉 is in the upper
left corner. The vertices 〈(1,2)〉 and 〈(3,4)〉 are the two vertices inside the square. This image was
created with the use of [Res15].
Lemma 10. Let H1,H2,H3 and H4 be isomorphic copies of a group H and set ∆=H1×H2×H3×H4
and
G = ∆oSym4,
where the action of Sym4 on ∆ is the permutation action on the coordinates. Then
cd3(G)≥ cd3(H)+1.
Proof. Let V1,V2, . . . ,Vd be a geodesic path in the 3-containment graph of H of length d := cd3(H).
Set
E1 = 〈V1×V1×Vd×Vd ,(1,2)〉
and
E2 = 〈Vd×Vd×V1×V1,(3,4)〉 .
These two vertices are connected via a path given by the vertices:
E1 = 〈V1×V1×Vd×Vd ,(1,2)〉 ,
〈V2×V2×Vd×Vd ,(1,2)〉 ,
〈V3×V3×Vd×Vd ,(1,2)〉 ,
...
〈Vd×Vd×Vd×Vd ,(1,2)〉 ,
〈Vd×Vd×Vd×Vd ,(1,2,3),(1,2)〉 ,
〈Vd×Vd×Vd×Vd ,(2,3)〉 ,
〈Vd×Vd×Vd×Vd ,(2,3,4),(2,3))〉 ,
〈Vd×Vd×Vd×Vd ,(3,4)〉 ,
〈Vd×Vd×Vd−1×Vd−1,(3,4)〉 ,
〈Vd×Vd×Vd−2×Vd−2,(3,4)〉 ,
...
〈Vd×Vd×V1×V1,(3,4)〉 .
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Thus, they are in the same component. To finish, suppose, for the sake contradiction, that there is
a geodesic with endpoints E1 and E2 with length equal to d: E1 = A1,A2, . . . ,Ad = E2. Let pi be
the projection G→ G/∆ ∼= Sym4 and φi be the maps G→ Hi given by A 7→ A∩∆ 7→ pii(A), where
pii : ∆→ Hi is the projection map.
Using Lemma 7 and [BRSc, Lemma 5], it is straightforward to see that φi(Ai) and pi(Ai) are both
paths in the 3-containment graphs of H and Sym4, respectively. Moreover, if pi(Ai) contains ( j,k),
then φ j(Ai) = φk(Ai) must be equal. By Lemma 9, there must be i where pi(Ai) and pi(Ai+1) contains
some ( j,k) where j ∈ {1,2} and k ∈ {3,4}, and hence for some `, φ`(A1), . . . ,φ`(Ad) has a repeated
vertex, which is impossible as this path must be a geodesic of length d.
For a group H, we denote the group constructed in the above lemma by BS(H).
Lemma 11. Let n be a natural number. If cd3(G)> 2n, then there exists a component of the 3-local
commensurability graph of G with graph diameter at least n.
Proof. Let L be a geodesic in the 3-containment graph of length 2n with endpoints E1 and E2. It
is straightforward to see that L is in a connected component of the 3-local commensurability graph.
Let J be a geodesic path in the 3-local commensurability graph given by the vertices
E1 =V1,V2, . . . ,Vk = E2.
Then the vertices
E1 =V1,V1∩V2,V2,V2∩V3,V3, . . . ,Vk = E2.
give a path of length 2k in the 3-containment graph. We must have, then, that 2k≥ 2n, giving k≥ n.
So we have found a component of the 3-local graph of graph diameter at least n.
We are now ready to complete the proof.
Proof of Theorem 3. Let n a natural number be given. Consider the group
BS(BS(BS(· · ·(BS(Sym4) · · ·),
where the number of BS applications is greater than 2n. By Lemmas 10, cd3 of the resulting group
is greater than 2n. Since Sym4 is solvable, and any solvable-by-solvable group is solvable, it follows
that the above group is solvable. Hence, by Lemma 11, the proof is complete.
Proof of Corollary 4. Let N > 0 be given. By Theorem 3, there exists a finite group Q of with a
component Ω of the 3-local commensurability graph with graph diameter greater than N. Any free
group of rank 2 contains, as a normal subgroup, a free group of rank equal to |Q|. Call this subgroup
∆. Then ∆ maps onto Q, so we are done by [BRSc, Lemma 8].
A Some examples
Here will give a complete classification of the components of p-local commensurability graphs of
the subgroup of upper triangular matrices, P(2,q) of GL(2, Fq), where q is some prime. By Theorem
2 in this paper, the connected diameter of this graph is at most 4. Through our analysis, we will see
that the connected diameter is at most 2 (and this is sharp).
Before stating our classification of components, we need a definition. Let H be component of
graph Γ. We say H is a star graph if every edge in H is incident with a fixed vertex vc in H, and
these are the only edges in H. We call vc the center of H, and it is unique. With this definition in
hand, we can now state the main result of this appendix:
Theorem 12. Let p,q be prime numbers. The components of Γp(P(2,q)) are complete or star.
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We devote the rest of this section to proving Theorem 12. We begin with primes p that do not
divide the order of the group.
Proposition 13. Let G be a finite group. Then for any prime p, Γp(G) is totally disconnected if and
only if p - |G|.
Proof. Set N = |G|. If p|N then there exists a nontrivial p-Sylow subgroup which is p-adjacent to
the trivial group. Now, if p - N. Suppose, for the sake of a contradiction, that there exist A < B≤ G
such that A is of index a power of p in B. Then p divides |G|, which is impossible. It follows that
Γp(G) is totally disconnected.
Note that by Proposition 13, if p does not appear in the prime factorization of order of G, then the
p-commensurability graphs are totally disconnected. Thus, for the remainder, it suffices to handle
the case when p divides the order of P(2,q).
Table 1: The two graphs above are Γ2(P(2,5)) and Γ5(P(2,5)), respectively. For p= 2 we have two
complete components, and for p = 5 we have twelve star graphs. This image was created with the
use of [Res15].
We will identify P(2,q) with the semidirect product Z/qo (Z/(q−1)×Z/(q−1)), where Z/q
corresponds to the subgroup
〈(
1 1
0 1
)〉
and Z/(q−1)×Z/(q−1) corresponds to diagonal matri-
ces in GL(n,Fq).
Proposition 14. All the subgroups of P(2,q) ∼= Z/qo (Z/(q− 1)×Z/(q− 1)) are the form of
〈Z/q,si〉 and 〈bnsib−n〉, where {s j} enumerates all subgroups of Z/(q−1)×Z/(q−1), and b is the
generator of Z/q, n ∈ Z/q.
Proof. Let G = Z/qo (Z/(q− 1)×Z/(q− 1)) and U be a subgroup of G. Also, let Z/q = 〈b〉, b
be the generator of Z/q. Let P be the q-Sylow subgroup of U . Then Z/q is the unique q-Sylow
subgroup of Z/qo (Z/(q−1)×Z/(q−1)). So either P = Z/q or P = {e}.
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Then by Hall’s theorem, we have a Sylow system for U ,
Sp1 ,Sp2 , . . . ,Spk ,
|U | = pl11 pl22 . . . plkk , where SpiSp j = Sp j Spi . Let p1 = p, so Sp = P. Consider Sp2Sp3 . . .Spk , then
|Sp2Sp3 . . .Spk |= |U ||P| . That is |Sp2Sp3 . . .Spk | is not divisible by p. Consider, ∆=Z/(q−1)×Z/(q−
1), then ∆ is a Hall-subgroup. Then again by Hall’s Theorem, there exist γ ∈ G, such that
γSp2Sp3 . . .Spkγ
−1 < ∆.
So we have U =
〈
P,γS(i)γ−1
〉
, where S(i) = Sp2Sp3 . . .Spk and we index all the subgroups of Z/(q−
1)×Z/(q−1) by i ∈ I some index set.
Since P is either the identity or the entire Z/q, and Z/q is normal in G, then the result follows.
Before we proceed, we need a quick technical result.
Lemma 15. Let ∆1, ∆2 be subgroup of some finite group Γ such that ∆1 and ∆2 are both nilpotent
and ∆1 is p-adjacent to ∆2. Then ∆ = ∆1 ∩ ∆2 contains the normal complement of the p-Sylow
subgroup of ∆1
Proof. Let ∆1, ∆2 by two subgroup of a finite group and they both are nilpotent. Since ∆1 is nilpotent,
the normal complement of the p-Sylow subgroup of ∆1 exists, call it N. By Hall’s Theorem, the
normal complement in ∆1∩∆2 of the p-Sylow subgroup of ∆1∩∆2 is conjugate to a subgroup of N,
and hence is a subgroup of N. Since elements from different p-Sylow subgroups commute with one
another, we have that N∆1∩∆2 is a proper subgroup of ∆1 containing ∆1∩∆2 as a subgroup of index
not a power of p. Hence, it is impossible for [∆1 : ∆1∩∆2] = [∆1 : N(∆1∩∆2)][N(∆1∩∆2) : ∆1∩∆2]
to be a power of p.
Lemma 16. Let p be some prime. If p | |Z/(q−1)×Z/(q−1)|, then each component of Γp(P(2,q))
is complete.
Proof. Let {si}i∈I be an enumeration of all the subgroups of Z/(q− 1)×Z/(q− 1). Let b be the
generator of Z/q, and n ∈ Z/q. It is straightforward to see that [〈Z/p,si〉 :
〈
Z/p,si∩ s j
〉
] = [si :
si ∩ s j], for all i, j. Moreover, we claim that 〈Z/q,si〉 is never p-adjacent to
〈
bns jb−n
〉
, for all
i, j. Indeed, suppose that 〈Z/q,si〉 is p-adjacent to
〈
bns jb−n
〉
. It is clear the q does not divides
|〈bns jbn〉 |, for all j ∈ I. Note,
[P(2,q) : 〈Z/q,si〉] = q(q−1)
2
q|si| =
(q−1)2
|si| .
Since q does not divide both (q− 1)2, then q does not divide (q−1)2|si| . Therefore by [BRSc, Lemma
9], we will have that
q -
q(q−1)2
| 〈bnsibn〉 |
Which is impossible because q does not divide |〈bns jb−n〉 |. We conclude that the two types of
subgroups appearing in Proposition 14 never appear in the same component.
By our earlier claim we know that [〈Z/p : si〉 :
〈
Z/p : si∩ s j
〉
] = [si : si ∩ s j], for all i, j. This
implies that 〈Z/q,si〉 is p-adjacent to
〈
Z/q,s j
〉
if and only if si is p-adjacent to s j. We know that all
the si are subgroup of Z/(q−1)×Z/(q−1) which is an abelian group, then by [BRSc, Theorem 1]
we know that the p-local commensurability graph are complete, then the component for 〈Z/q,si〉 is
also complete.
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To finish, we will show that all components containing subgroups of the form 〈bnsib−n〉 are also
complete. We break up the proof into two cases depending on whether 〈bnsibn〉 has cardinality that
is some power of p.
Case 1: | 〈bnsibn〉 | = |si| is some power of p. It is clear that for all si1 , . . .sik with order some
power of p, we have 〈bnsiα b−n〉 is p-adjacent to
〈
bmsiβ b
−m
〉
, for i1 ≤ iα , iβ ≤ ik and any m,n.
Now, let |si| = pk and |s j| = pma, were gcd(pm,a) = 1 and a 6= 1. Then | 〈bnsib−n〉 | = pk and
|〈bvs jbv〉 |= pma. Thus, we have
|〈bnsib−n〉∩〈bvs jbv〉 |= pl
where l ≤ k,m. It follows from this that A is not p-adjacent to B for all i, j,n,v. Therefore, by above
argument we know that all the subgroups 〈bnsib−n〉 with order some power of p form a complete
component.
Case 2: Let |si| not be a power of p, that is |si|= pna, where gcd(pn,a) = 1 and a 6= 1. Then we
may write
si = H×A,
where H is a p-Sylow subgroup and |A| = a. It is clear that 〈bnsib−n〉 is p-adjacent to 〈bnAb−n〉.
That is, for any n and 〈bnsib−n〉 whose order is not a power of p, then there exist a subgroup An,i of
si such that 〈bnsib−n〉 is p-adjacent to bnAn,ib−n.
If there exist another group A
′
which is p-adjacent to bnAn,ib−n, then it is easy to see that A
′
is
p-adjacent to 〈bnsib−n〉. Similarly, if there is another group B =
〈
bms jb−m
〉
which is p-adjacent to
any A
′
as above, then by Lemma 15 we have B is p-adjacent to bnAn,ib−n, and hence is p-adjacent to
〈bnsib−n〉. It follows that the component containing 〈bnsib−n〉 is complete, as desired.
We are left with p = q, so the proof of Theorem 12 is completed with the next result.
Proposition 17. Each component of Γp(P(2, p)) is
1. a star graph, or
2. a complete graph with two vertices.
Proof. By Proposition 14, we need only consider subgroups of the form 〈Z/p,si〉 and
〈
b−ns jbn
〉
.
We give a brief outline. We first show that any two subgroups 〈b−nsibn〉 and
〈
b−ms jbm
〉
are not
p-adjacent if i 6= j or n 6= m. Clearly, for any i and n, 〈Z/p,si〉 adjacent to 〈b−nsibn〉. So, next, we
will show that 〈Z/p,si〉 is not p-adjacent to any
〈
b−ns jbn
〉
for i 6= j. Finally, we show that there
is only one group of the form
〈
Z/p,s j
〉
that is adjacent to 〈Z/p,si〉 for any fixed i. Thus, all the
components under consideration are star graphs with centers 〈Z/p,si〉, or are complete graphs with
two vertices.
Let An = 〈b−nsibn〉 and Am =
〈
b−ms jbm
〉
, An 6= Am. Let p be a prime such that p - (q−1)2. So
if An and Am are adjacent, then [An : An∩Am] = pc, so c = 0. By symmetry, An is not adjacent to Am
since An 6= Am.
Now, as we note in the proof of Lemma 16, 〈Z/p,si〉 is p-adjacent to
〈
Z/p,s j
〉
if and only if si
is p-adjacent to s j. Since q does not divide (q−1)2 and every si, s j has order which divide (q−1)2,
then we have si is not p-adjacent to s j for all i, j. Hence 〈Z/p,si〉 is not p-adjacent to
〈
Z/p,s j
〉
.
Finally, we will show that any group of the form 〈Z/p,si〉 that is adjacent to An is unique. Clearly,
〈Z/p,si〉 is p-adjacent to 〈bnsib−n〉. Now, if
〈
Z/p,s j
〉
is also p-adjacent to 〈bnsib−n〉, then we have
[
〈
bnsib−n
〉
:
〈
Z/p,s j
〉∩〈bnsib−n〉] = pk.
Since p does not divides the order of 〈bnsib−n〉, then we must have k = 0, and so 〈bnsib−n〉 ≤〈
Z/p,s j
〉
. Moreover, since
〈
Z/p,s j
〉
is p-adjacent to 〈bnsib−n〉,
[
〈
Z/p,s j
〉
:
〈
bnsib−n
〉
] = pk,
which gives k = 1, since p does not divide |s j|. Thus,
〈
Z/p,s j
〉
= 〈b,bnsib−n〉 = 〈Z/p,si〉, as
desired.
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